Abstract. Adaptive methods for solving systems of partial di erential equations have become widespread. Much of the e ort has focused on nite element methods. In this paper modi ed nite di erence approximations are obtained for grids with irregular nodes. The modi cations are required to ensure consistency and stability. Asymptotically exact a posteriori error estimates of the spatial error are presented for the nite di erence method. These estimates are derived from interpolation estimates and are computed using central di erence approximations of second derivatives of the solution at grid nodes. The interpolation error estimates are shown to converge for irregular grids while the a posteriori error estimates are shown to converge for uniform grids. Computational results demonstrate the convergence of the nite di erence method and a posteriori error estimates for cases not covered by the theory.
subvertices are its o spring or children. Eight vertices having a common parent are called siblings. A grid is said to be uniform if all its elements are at the same level. A grid is admissible in the sense of Babuska and Rheinboldt 4, 5] if it is de ned recursively by the following two rules:
1. is an admissible grid; 2. If is an admissible grid and~ is an element of then the grid obtained from and the eight elements created by trisecting~ is admissible.
Such grids contain two general types of nodes regular and irregular. A node ? of is regular if for every element~ 2 such that ? 2~ , ? is a corner node of~ . Any node that is not regular is irregular.
Irregular nodes appear on edges and faces shared by elements at di erent levels in the grid (cf., Figure 1 ). Two elements 0 and 00 are said to be neighbors if their intersection contains an edge of either 0 or 00 . Two vertices are said to be face-neighbors if they are at the same level in the tree and if their intersection contains a face of both. Two vertices are said to be edge-neighbors if they are at the same level in the tree and if their intersection contains a edge (but not a face) of both.
Several additional rules for governing grid re nement and coarsening have been proposed 6, 20] . The one-irregular rule dictates that on any edge or in the interior of any face there can be no more than one irregular node. Equivalently, two neighboring elements cannot di er by more than one level in the tree. A second rule is the k-neighbor rule. This rule requires an element at level l to be re ned if k of its neighbors are at level l + 1. At present k is a variable in the algorithm, herein, I use k = 5.
As will be seen in x3-5 must meet two additional requirements. The rst requirement involves introducing a special type of regular node called an error node. A regular node ? is called an error node if in some direction (x, y, or z) ? shares edges with two regular nodes ? 0 and ? 00 such that ? lies between ? 0 and ? 00 . If the node satis es this condition in all three directions it is called a computable node (cf., x4). An error node for each direction is needed on each element in order to calculate the a posteriori error estimates.
Additionally, only certain regular, noncomputable nodes are permitted (cf., x4). Both requirements are met by the \sibling rule": if an element is selected for re nement so are all its siblings. While the sibling rule is not the most e cient approach it is simple to implement. An element will be coarsened only if its seven sibling elements can be coarsened simultaneously. A grid is called computable if it is admissible and satis es the one-irregular and sibling rules. 3 Consider an element 2 . Throughout the remainder of the paper right and left, front and rear, and upper and lower, will refer to positive and negative movement in the x, y, and z directions, respectively.
The error estimates of x3 depend on the classi cation of the irregular nodes of based on number and location.
Lemma 1: Let be a grid obtained from by recursive trisection and the one-irregular rule. Let 2 be an element and let = f? j ? is an irregular node of g: (2) Then one of the following eight cases must hold (cf., Figure 1 ): 0: j j = 0, (no irregular nodes); 1: j j = 1; 2: j j = 2, the two irregular nodes lie at opposite corners of the same face; 31: j j = 3, the three irregular nodes lie on the same face; 32: j j = 3, no pairwise combination of irregular nodes share an edge; 4: j j = 4, three of the irregular nodes lie on the same face, the remaining irregular node does not share an edge with the other three; 5: j j = 5, two of the regular nodes lie at opposite corners of ; 6: j j = 6, the two regular nodes lie at opposite corners of .
Proof: If
= then all eight nodes are regular. Let 2 be an element and let be the parent of . Without loss of generality assume that is the lower left rear child of (cf., Figure 1 ). Trisection and the one-irregular rule imply that the lower left rear node,?, and the upper right front node of are regular, and thus, j j 6. The location and number of irregular nodes of is determined by the level of the neighbors of . Let f i ; i = 1 : : : n f , and e i ; i = 1 : : : n e , be the face-and edge-neighbors of , respectively, having nonempty intersection with . Additionally assume is not on the domain boundary.
Then trisection, the one-irregular rule, and \ @ = ; imply that 0 n f ; n e 3 and every f i and e i contains?.
If n f = n e = 0 then has no irregular nodes (case 0).
If n f = 0 and n e = 1 then has one irregular node on the edge e 1 \ (case 1). If n f = 0 and n e = 2 then has two irregular nodes ? i , i = 1; 2, on the edges e i \ , i = 1; 2, respectively. Since these edges intersect at? they share a common face (case 2). If n f = 0 and n e = 3 then the lower left front node, the lower right rear node, and the upper left rear node are irregular (case 32).
If n f = 1, n e 2, and f 1 and e i share a common face for 0 i n e , then has three irregular nodes on the face \ f 1 (case 31).
If n f = 1, n e 1, and f 1 \ e i =? for some i, 1 i n e , then has four irregular nodes. Three of these nodes are on the face \ f If n f = 3 and 0 n e 3 then has six irregular nodes with the two regular nodes at opposite corners of (case 6).
When \ @ 6 = ; a similar argument shows that only cases 0, 31, and 5 are possible. 2 The next lemma guarantees that each element in has a error node in each direction. Lemma 2: If is a computable grid, if 2 the set ;j f? j ? is an error node of direction jg 6 = ;: (3) Proof: Consider the element in the proof of Lemma 1 with parent and let j = x. In the proof of Lemma 1 I showed that has at least two regular nodes. Let l and r be the left and right face-neighbors of , respectively (they exist by the one-irregular rule). If the regular node in the upper right front corner is not an error node in the x direction then by the sibling rule either l or r is an element, but not both. If r is an element then l is re ned so has a face-neighbor l on its left. If the lower right rear corner node of is irregular the one-irregular rule then implies that the lower right rear corner node of is regular. Similarly if the lower left rear corner of l is irregular the one-irregular rule guarantees that the lower left rear corner node of l is regular. If, on the other hand, l is an element then r is re ned. By the sibling rule the left lower rear node of l is regular. If the lower right rear node of is not regular then the sibling rule guarantees that the lower right rear node of is regular.
If now intersects the plane x = x 0 then the upper right front node is an error node since the upper left front node of is a regular boundary node and the upper right front node of the element to the right of is regular by the sibling rule. The proof for in other positions and for other directions j = y; z, follows analogously. 2 By de nition non-boundary regular nodes lie at the corners of eight elements. If these eight elements are of equal size I will call the regular node proper, otherwise it is improper. A proper node ? is connected to six equally-spaced nodes (henceforth called neighbor nodes) that lie directly above, below, to the right of, to the left of, behind, and in front of it. For the purpose of obtaining consistent nite stencils on irregular grids (cf., x4) the next lemma classi es regular nodes into four major types. If ? is a proper node then the one-irregular and sibling rules imply that the number of irregular neighbor nodes of ? is three or less and that ? does not lie between any pair of irregular neighbor nodes. 2 Let be a grid obtained using trisection and the one-irregular, k-neighbor, and sibling rules. Convergence results in x3-4 are shown for a recursive sequence of grids f ;l g where ;0
and ;l+1 is obtained from ;l by trisecting each element of ;l . 
where C = C(u xx ; u yy ; u zz ; j j; r), j j is the volume of , and r is the ratio of the length of the maximum to the minimum side of .
Proof: Without loss of generality consider the element of (4) and let h = max(h x ; h y ; h z );
where I have temporarily omitted the dependence on .
In each of the eight cases of lemma 1 I expand u and u I in Taylor series about (0; 0; 0) (the dependence on (0; 0; 0) is dropped), take the di erence, di erentiate with respect to x, y, or z and integrate over . The results are given below: 
for j = x; y; z, k = y; z; x, l = z; x; y. 
for j = x; y. 
for j = x; y; z, k = y; z; x, and l = z; x; y. Other cases (for irregular nodes in other positions) follow from symmetry. Summing over all the elements and using (9), (10), (11), (12), (13), (14), (15) , and (16) 
From 15] jjejj 2 1 C(re; re) (18) and (7) follows. 2 9
Remark: The restriction u(x; y; z; t)j @ = 0 can be removed if additional terms are added to the error estimates 14], although, in practice (cf., Example 2), they are not needed.
It is now easy to compute estimates of the interpolation error using u I . 
The necessity of (21) 
Estimates of jju ? u FD jj 1 for xed t are obtained using (19) with u I replaced by u FD at the error nodes and the formulas (9)- (16) . The nite di erence approximations derived in this section serve two purposes: they show that care must be taken in formulating di erence approximations on grids with irregular nodes; and they show that the interpolation error estimates of Corollaries 1 and 2 can be extended to a posteriori error estimates for the nite di erence solution u FD .
Equations must be generated at the three types of nodes, irregular, regular, and computable. Attention is restricted to approximations of second derivatives (cf., 13] for rst derivatives and other extensions). Continuity of the underlying interpolation polynomial is imposed at irregular nodes so that the interpolation estimates of x3 can be used as a posteriori error estimates. The continuity equations are algebraic.
A rst approach might be to use standard second-derivative stencils using the closest neighbor nodes at the computable and regular nodes. However, this leads to inconsistent nite di erence methods and incorrect solutions (cf., Example 1). Standard stencils may be used with the computable nodes if the neighboring nodes used are regular (the de nition of computable nodes guarantees that such nodes exist). For regular (but not computable) nodes several cases must be considered depending on the position and type of neighbor irregular nodes (cf., x2). Consistent nite di erence stencils are presented for an arrangement not allowed under the sibling rule (type 22). This type is included because more general grids may be considered in the future and one of the grids used in the examples as a test case includes this type (cf., x5). Consider the canonical element trisected into eight elements.
Type 1 -one irregular node (cf., Figure 2 ): This case can further be split into two subcases, the irregular node is in the interior of a face and the irregular node is on an edge (cf., Figures 2a and 2b, respectively) .
In both subcases derivatives in the x and y directions can be computed using standard approximations at neighboring regular nodes.
Type 1a -one irregular node in the interior of a face. 
Other possible positions of the irregular node lead to comparable formulas.
Type 21 -two irregular nodes in two di erent directions (cf., Figure 2 ): This case also has two subcases, one with the two irregular nodes in the interior of faces and one with the two irregular nodes on edges (a mix cannot occur). In both subcases u yy is obtained by using the standard discretization. Type 21a -two irregular nodes on di erent (but not opposite) faces. Solving (28) and (28) Type 3 -three irregular nodes on three faces, one in each direction (cf., Figure 2 ). This case can only occur when the irregular nodes lie on faces. Solving simultaneously (28), (28) 
Remark: It is possible to obtain approximations in other cases (e.g., four irregular nodes, two on opposite faces in one direction, the other two on di erent, but not opposite, faces but the size of the negative coe cients increases (this may be troublesome for our cases, but was not observed to cause any di culties in the examples). In some cases no approximations can be obtained without signi cantly increasing the size of the stencil, e.g., ve or six irregular nodes, but these cases cannot occur on the grids described in x2.
It is now possible to generate a nite di erence approximation for (1) at any regular node. For example, in the case of one irregular node in the interior of a face (type 1a) the discretization is given bŷ 
Comparable results hold for the other derivatives and at each of the nodes in~ . It follows using (49) and the trapezoidal rule (for integration) that jje 2 x jj 2~ Ch 5 ;
and similarly for e y and e z . Summing (50) over all the elements of for x, y, and z, respectively, and using (18) gives (43). 2 Theorem 2: Let u(x; y; z; t), the solution of (1) for some xed time t 2 (0; T], satisfy u 2 H 1 0 ( ) \ C 6 ( 0; T]). If is a uniform grid, if u FD is the nite di erence solution of (1) satisfying (42) 16 The error e u ? u FD at (x l ; y m ; z n ) and t = t n+1 satis es (44) of grids (referred to as G1 l ) is a sequence of grids each with two levels, a mesh at level l bordering a mesh at level l + 1 (cf., Figure 3 ). The second sequence consists of grids (G2 l ) each with two levels, a mesh at level l + 1 bordering a mesh at level l (cf., Figure 4) Table 1 Errors and e ectivity indices for the initial conditions of Example 1 on G1 l , l = 4, 8, 16, and 32. grids, layers at level l alternated with layers at level l + 1 (cf., Figure 5 ). This sequence does not satisfy 
is calculated over and over one element^ (referred to by ^ ). The element^ is on the bottom face with one face in the plane x = 2 , one face in the plane y = 0, and one face in the plane z = 0. As can be seen from Table 1 the error on this element decreases signi cantly faster than the rate in Corollary 1 since cosx is missing the quadratic term near x = 2 . Likewise the e ectivity index does not approach one.
The results for the solution of (61) at t = 1:0 on G1 l and G3 l , l = 4, 8, and 16, are shown in Table 2 .
The value 0 is the e ectivity index calculated using an error estimate with every case of x3 treated as case 0, that is, the uniform grid case (the estimate and index are referred to as the uniform grid estimate and index, respectively). It does not perform well on G3 l . The last column in Table 2 , jêj 1 , is the error obtained on G3 l if a standard nite di erence stencil is used at all regular points. Clearly inconsistent stencils lead Table 2 Errors and e ectivity indices for the solution Example 1 at t = 1:0 on G1 l and G3 l , l = 4, 8, and 16. to signi cant errors. The results in Table 2 also con rm that the nite di erence discretization and the a posteriori error estimate perform well. 
for i = 0, 31, 5, and 6 in the case of G1 l and i = 0, 1, and 31 in the case of G2 l . Thus, i is the average over all elements of case i of the square of the distance of the e ectivity index from one. This measure is more useful than a maximum distance due to elements on which the assumptions of Corollary 1 are violated as noted in Example 1.
The results for G1 l are shown in Table 3 . The modi ed e ectivity index of x3 is superior to the uniform index 0 , although the latter performs quite well in this case. The elemental indices are also converging on average. The experiment was repeated for G2 l with the results in Table 4 . The e ectivity indices, and Table 3 Errors and e ectivity indices for Example 2 on G1 l , l = 4, Table 4 Errors and e ectivity indices for Example 2 on G2 l , l = 4, 8, 16, and 32. are compared (cf., Table 5 ). As in example 1 the uniform grid estimator su ers from the large number of irregular points (in comparison to the number in the two previous grids) and its performance is signi cantly degraded.
The results for the solution of (64) and (65) at t = 1:0 on G1 l , G2 l , and G3 l , l = 4, 8, and 16 are shown in Tables 6-8 , respectively. These compare well with the results in Tables 3-5 . The error decreases at the rate shown for uniform grids in Lemma 6, x4. In Table 8 the di erence in the e ectivity index when using the H 1 norm versus the H 1 semi-norm is seen to be negligible. 6 . Conclusions. Asymptotically exact a posteriori error estimates for a modi ed nite di erence method on hexahedral meshes with irregular nodes are presented. These estimates are a generalization of estimates for a nite element method on a uniform mesh and are based on interpolation error estimates. The estimates are computed using jumps in the approximate solution derivatives at certain grid nodes (error nodes). The estimates of the interpolation error are shown to converge to the true error element-wise and globally for general adaptive grids. The spatial a posteriori error estimates are shown to converge to the Table 5 Errors and e ectivity indices for Example 2 on G3 l , l = 4, Table 6 Errors and e ectivity indices for Example 2 at t = 1:0 on G1 l , l = 4, 8, and 16. cates that the estimates exhibit the predicted accuracy under more general conditions. The nite di erence method and error estimates can be used for nonlinear problems. Estimates of the L 2 error can be obtained from the jumps using the ideas of x3 14] . The estimates introduced in x3,4 are also valid for the case of piecewise linear nite elements and can be generalized to anisotropic meshes 14].
The modi ed nite di erence approximations introduced in this paper can be signi cantly improved at the expense of a larger stencil 13]. The conservative approach to grid re nement (if an element is re ned, re ne its siblings) can be eased, thus, leading to fewer unknowns at the expense of more complexity. Table 7 Errors and e ectivity indices for Example 2 at t = 1:0 on G2 l , Table 8 Errors and e ectivity indices for Example 2 at t = 1:0 on G3 l , l = 4, 8, and 16. 
